We have derived the coefficients of the highest three 1/x -enhanced small-x logarithms of all timelike splitting functions and the coefficient functions for the transverse fragmentation function in one-particle inclusive e + e − annihilation at (in principle) all orders in massless perturbative QCD. For the longitudinal fragmentation function we present the respective two highest contributions. These results have been obtained from KLN-related decompositions of the unfactorized fragmentation functions in dimensional regularization and their structure imposed by the mass-factorization theorem. The resummation is found to completely remove the huge small-x spikes present in the fixed-order results, allowing for stable results down to very small values of the momentum fraction and scaling variable x. Our calculations can be extended to (at least) the corresponding α n s ln 2n−ℓ x contributions to the above quantities and their counterparts in deep-inelastic scattering.
Introduction
One-hadron inclusive electron-positron annihilation, e + e − → γ , Z → h + X where h denotes the observed hadron (or a sum over all charged hadron species) and X any inclusive hadronic final state, is an important benchmark process in perturbative QCD which has been measured accurately over a wide range of centre-of-mass (CM) energies √ s [1] . The results provide crucial inputs for fit determinations of the fragmentation distributions (or parton fragmentation functions) D h p (x, Q 2 ), see Refs. [2] [3] [4] , where x represents the fraction of the momentum of the final-state parton p transferred to the outgoing hadron h and Q 2 is a hard scale, for instance the squared four-momentum q of the timelike virtual photon or Z-boson in the above semi-inclusive annihilation (SIA) process, Q 2 = q 2 = s. SIA data have also provided constraints on the strong coupling constant α s [5] .
The theoretical description of semi-inclusive e + e − annihilation is analogous to that of electronhadron deep-inelastic scattering (DIS), ep → e + X , via the exchange of a (spacelike) virtual photon or Z-boson. The SIA differential cross section can be written in terms of transverse (T ), longitudinal (L) and asymmetric (A) fragmentation functions (timelike structure functions) [6] ,
Here x = 2E h / √ s ≤ 1 and θ are the scaled energy of the hadron h and its angle relative to the electron beam, respectively, in the CM frame; and for photon exchange σ 0 = n c 4π α 2 /3s is the total cross section for Bhabha scattering times the number of colours n c . Disregarding corrections suppressed by inverse powers of Q, the fragmentation functions are related to the fragmentation distributions by The coefficient functions c a,p in Eq. (1.2) are known to order α 2 s [7] [8] [9] [10] , see also Ref. [11] , i.e., to the next-to-next-to-leading order (NNLO) for F T and F A and to the next-to-leading order (NLO) for F L which vanishes for α s = 0. Here and throughout this article we identify, without loss of information, the MS renormalization and mass factorization scales with the physical hard scale Q 2 .
The scale dependence of the (process-independent) final-state fragmentation distributions is analogous to that of the initial-state parton distributions and given by
3)
The (timelike) splitting functions P T ji can be expanded in powers of a s ≡ α s (Q 2 )/(4π), The leading-order (LO) and NLO contributions P (0) T and P (1) T to Eq. (1.4) have been known for a long time [12] [13] [14] [15] [16] . A direct calculation of the NNLO corrections P (2) T has not been performed so far. However, an indirect determination [11, 17] , using non-trivial relations to the spacelike DIS case [18] and the supersymmetric limit [13, 15, [19] [20] [21] [22] [23] has been completed recently [24] up to a minor caveat, which is not relevant in the present context, concerning the quark-gluon splitting.
Eq. (1.4) and the corresponding fixed-order approximations to the coefficient functions (see below) are adequate except for 1−x ≪ 1 and x ≪ 1, where higher-order corrections generally include double logarithms which can spoil the perturbative expansions. Here we focus on the small-x case, where the leading contributions to the N n LO splitting functions are of the form and the corresponding subleading contributions lead to corrections which are numerically far larger than the corresponding singlelogarithmic enhancement of the analogous spacelike N n LO splitting functions governing the DIS case [25] [26] [27] [28] [29] ; for n = 2 see Figs. 1 of Refs. [17] and [24] . On the other hand, the all-order Mellinspace summation of the leading-logarithmic (LL) contributions (1.5) leads to [30] which can be expanded to all orders in x-space via the standard Mellin transform
(1.7)
Eq. (1.6) corresponds to a small and oscillating function in x-space, suggesting that the small-x enhancement of P (1)T gi (x, α s ) and P (2)T gi (x, α s ) -which is negative in the former and positive in the latter case, see below -is unphysical and can be removed by extending Eq. (1.6) to the nextto-leading logarithmic (NLL) and next-to-next-to-leading logarithmic (NNLL) small-x accuracy. Even the former extension has not been performed in the MS scheme so far, as the results of Ref. [31] are not given in this scheme (and consequently do not agree with the NNLO next-toleading logarithms of Refs. [17, 24] ). For a detailed discussion see Ref. [32] where also the LL result for the MS transverse coefficient function c T, g corresponding to Eq. (1.6) has been derived.
In this article we employ constraints provided by the structure of the unfactorized fragmentation functions in dimensional regularization [33] and the all-order mass-factorization formula to derive the coefficients of the respective highest three non-vanishing logarithms for all four timelike splitting functions P T ji (x, α s ), i, j = q, g, as well as the corresponding coefficients for both coefficient functions for F T , to all (in practice sixteen) orders in α s . The derivation of the second/third logarithms is made possible by the NLO/NNLO fixed-order results; consequently only the highest two logarithms can be resummed for the longitudinal fragmentation function F L .
The remainder of this article is organized as follows: In Section 2 we describe the theoretical framework used to perform the resummation and comment on the calculations which were carried out using the latest version of FORM and TFORM [34, 35] . The resummed splitting functions are written down and discussed in Section 3. The corresponding results for the transverse and longitudinal coefficient functions are presented in Sections 4 and 5, respectively. Our findings are summarized in Section 6, which also provides a brief outlook to future applications and extensions.
Method and calculation
The main quantities in our resummation are the unfactorized flavour-singlet partonic fragmentation functions in D = 4 − 2ε dimensions
where the summation over i = q, g and the MS removal of (4π) ε and γ e factors [36] are understood. The D-dimensional coefficient functions C a,i include all non-negative powers of ε in Eq. (2.1),
Besides the fragmentation functions F T and F L of Eq. (1.1) -F A is a non-singlet quantity without 1/x terms -we consider SIA with an intermediate scalar φ coupling directly only to gluons via an additional term φ G µν G µν in the Lagrangian, where G µν represents the gluon field strength tensor. Such an interaction, suggested as a QCD trick in Ref. [37] , does occur in the Standard Model for the Higgs boson in the limit of a very heavy top quark [38] . The NLO and NNLO quark and gluon coefficient functions for the resulting fragmentation function F φ have been presented in Ref. [24] .
The final-state transition functions Z T ik collecting all negative powers of ε are related to the matrix of the splitting functions in Eq. (1.4) by
As we shall see from the next equation, only the leading coefficient of the four-dimensional beta function of QCD, β 0 = 11/3 C A − 2/3 n f [39] where n f stands for the number of effectively massless quark flavours, enters the resummation of the highest three small-x logarithms.
Eq. (2.3) can be solved for Z order by order in α s . Suppressing all functional dependences, as already done for most quantities in the previous two equations, the first four orders read
The corresponding higher-order contributions have been generated in FORM to order α 16 s . It is clear from these results that the N n LO corrections, i.e., the splitting functions up to γ n ≡ γ (n) defined analogous to Eq. (1.4) together with β 0 , . . . , β n , determine the highest n+1 powers of 1/ε in Eq. (2.5) at all orders in α s . Keeping in mind γ n ∝ 1/(N − 1) 2n+1 , one notices that β 0 and β 2 0 enter at NLL and NNLL small-x accuracy only. Moreover β 1 is suppressed by three powers in 1/(N − 1) relative to γ 1 ; hence this coefficient contributes only at the level of the fourth logarithms, i.e., beyond our present accuracy.
The same considerations apply to the unfactorized structure functions (2.1), which at N n LO require the coefficients c (ℓ,k) a,i with ℓ + k ≤ n for F T and F φ , and ℓ + k ≤ n + 1 for F L in Eq. (2.2). For the convenience of the reader we collect the coefficient function results which form the input of the small-x resummation discussed below. The expansions aboutN
The corresponding results for F φ are given by
The coefficient functions for F L are, to the lesser accuracy required in the present context,
Note that our normalizations of c T,g and c L,g differ by a factor of 1/2 from those in Refs. [9, 10] . Eqs. (2.6) -(2.11), and some contributions with a higher ℓ + k used to further overconstrain the systems of equations discussed below Eq. (2.15), have been obtained from the full x-space expressions in terms of harmonic polylogarithms (HPLs) as discussed in Ref. [40] and coded in the HARMPOL package for FORM [34] together with Eq. (1.7).
The corresponding expressions for the NLO and NNLO splitting functions can be read off directly from Eqs. (13) and (14) in Ref. [17] and Eqs. (20) - (23) in Ref. [24] . For completeness we finally give the small-N expansions of the LO splitting functions which we need to orderN 1 ,
An easy way to obtain the coefficients of any desired positive power ofN is to transform the functions to N-space harmonic sums [41] , multiply by a sufficiently large power ofN −1 , transform back to x-space and proceed as above. Routines for the Mellin transform of the HPLs and its inverse are also provided by the HARMPOL package.
Inserting the N-space small-x expansions (2.6) -(2.12) into Eqs. (2.1) -(2.5), we obtain the highest three (two) logarithms for the α n s ε −n+ℓ , ℓ = 0, 1, 2 (ℓ = 1, 2), contributions to F T,k and F φ,k ( F L,k ) to all orders in α s for which the higher-order extension of Eq. (2.5) has been coded. It turns out that the a n s contributions to F a,g for a = T, φ can be written as
up to terms of order (N − 1) 0 , i.e., non-x −1 contributions. Eqs. (2.13) and (2.14) and the corresponding results for F T,q , F φ,q and F L,i given below form the crucial observation of this article.
Focusing for a moment on the leading logarithms, Eq. (2.14) decomposes F (n) a,g , which includes terms of the form x −1 ln n+δ−1 x at all orders ε −n+δ with δ = 0, 1, 2, . . . , into n contributions of the form
a,g only starts at order ε −n , the coefficients A (ℓ,n) a,g in Eq. (2.14) have to be such that the coefficients of ε 0 , . . . , ε n−2 in the square bracket in Eq. (2.15) cancel in the sum of these n contributions. Together with the three non-vanishing coefficients coefficients of ε −n+ℓ ,
a,g known from the above NNLO results, we thus have an overconstrained system of n + 2 linear equations for the n coefficients A (ℓ,n) a,g at each order n of the strong coupling. It is non-trivial that all these systems have solutions, e.g., there would be no solutions if the factor of two in front of (n − ℓ) in Eqs. (2.13) and (2.14) was absent, or if the sign of this term was different.
The situation is completely analogous for the second and third logarithms. The splitting functions and coefficient functions up to NNLO lead to n + 1 equations for the coefficients B ℓ,n , and to n equations for the coefficients C ℓ,n in Eqs. (2.13) and (2.14). Also the latter system can be overconstrained at all orders except for n = 3 and n = 4, from which the corresponding contributions to the N 3 LO coefficient functions c
and splitting functions P (3) T ji are determined.
The decomposition corresponding to Eq. (2.13) for F (n) a, q , a = T, φ, which are suppressed by one power of (N − 1) −1 or ln x relative to the gluonic quantities, is given by
for n > 1 (there are no x −1 terms at order α s in these cases, see Eqs. (2.6), (2.8) and (2.12) above).
The missing equation, due to the lack of an ε −2n+1 contribution, is compensated by the absence of an x −1−2ε term in the decomposition. Consequently also the three coefficients written out in Eq. (2.16) can be determined from the NNLO quantities given above.
We have solved the systems of equations for these coefficients and their gluonic counterparts in Eq. (2.13) at all orders evaluated for Z T in Eq. (2.5), i.e., to order α 16 s . Re-inserting the results into these equations then determines the respective highest three logarithms in F (n≤16) a,k for a = T, φ and k = q, g to all orders in ε, after which the mass-factorization can be performed to this order in α s . It is worthwhile to recall that, since the coefficients of ε −n , . . . , ε −2 at order α n s are given in terms of lower-lower quantities, this process includes a very large number of automatic checks. Also these steps have been carried out using FORM and, for the more involved last step, TFORM. The resulting splitting functions and coefficient functions are presented in the next two sections.
Analogous to Eqs. (2.13) and (2.16) the unfactorized partonic longitudinal fragmentation functions at all orders n ≥ 2 can be decomposed as
up to terms of order (N − 1) 0 . Due to the additional factor of ε relative to the previous cases, the determination of the third coefficients
L, i would require the presently unknown third-order coefficient functions. The determination of the two highest logarithms in c (n,0) L,i is performed in the manner discussed in the previous paragraph, and provides additional checks of the splitting functions determined from F T and F L . The resulting coefficient functions are presented in Section 5.
Like their counterparts for the large-x limit in DIS in Ref. [42] (the publication of the corresponding analysis of SIA is in preparation [43] ), see also Refs. [44, 45] , the decompositions (2.13) -(2.18) are inspired by and related (but not identical) to the decomposition into purely real-emission and the various mixed real-virtual contributions. The cancellations of, e.g., the ε −2n+1 , . . . , ε −n+1 terms between the n contributions to Eq. (2.13) are thus related to the KLN theorem [46] .
Resummed timelike splitting functions
We are now ready to present our (mostly) new all-order small-x results. With the exception of graphical illustrations, we will continue to work in Mellin-N space. Recall that the connection to x-space is simple except for the coefficients of (N − 1) k with k ≥ 0 in the expansion of the lowest order quantities about N = 1 which are required for the all-order mass factorization. These coefficients are not included in the all-order formulae below.
In this section we present the resummed timelike splitting functions to next-to-next-to-leading logarithmic (NNLL) accuracy,
The leading log (LL) and next-to-leading log (NLL) contributions for P T gg and P T gq have the form
and
The coefficients in Eqs. (3.2) -(3.4) have been determined to order α 16 s (n = 15 in Eq. (3.1)), and are given in Table 1 to the tenth order in α s -for the next six orders see the text below Eq. (3.13). The the highest two contributions to P T qg and P Tcan be written as
The coefficients in Eqs. (3.5) -(3.7) are given in Table 2 to the sixteenth order in α s , for brevity using a numerical form for n ≥ 12.
The general form and generating function for these series are known at this point (to this author) only for Eq. (3.2) and the non-C F terms in the square brackets in Eqs. (3.3) and (3.4), i.e., those entries that do not involve factorial denominators. A (n) gi are the Catalan numbers [47, 48] , 9) and the remaining coefficient in Eq. (3.4) is related to these results by
Furthermore it is interesting to note that the last entries in Eqs. (3.3) and (3.4) have a much simpler difference, B 11) and that the quark-parton coefficients in Eq. (3.5) are related to the above quantities by
Hence only one more complicated series is contained in B qi ; and an analytic formula for any of these quantities would lead to closed expressions for all α n+1 s /(N − 1) 2n−1 contributions to the timelike splitting functions. The coefficients in Eq. (3.5) for n = 10, . . . , 15 are The results (3.8) -(3.10) lead to the closed NLL expressions
The first line of Eq. (3.14) and the directly related LL part of P T gq (N) agree, of course, with the classical result (1.6) of Refs. [30] . Already at order α 3 s [17, 24] , the NLL second line of Eq. (3.14) is not the same as the result in Ref. [31] which does not refer to the MS scheme, see Ref. [32] .
The expressions for the third logarithms (NNLL for P gi and N 3 LL for P qi ) are far more lengthy. We therefore confine ourselves here to the full analytic expressions at order α 4 s , and present the higher-order coefficients only in numerical form for the case of QCD, C A = 3 and C F = 4/3. The leading N → 1 behaviour of P 
with ζ 2 = π 2 /6 and
The corresponding results for P and 20) where the dots indicate terms beyond the present accuracy of the expansion in powers of 1/(N −1). The respective NNLL and N 3 LL higher-order expressions are written as
The coefficients for Eq. (3.21) and Eq. (3.22) are given in Table 3 and Table 4 , respectively.
Here the relative normalization of the coefficients of different orders in α s is such that the ratios C (n) ij,l /C (n−1) ij,l will tend to one for n → ∞, if the NNLL correction have the same convergence properties as the LL and NLL contributions in Eqs. (3.14) and (3.15). The present calculations have not been carried out to an order sufficient to definitely decide whether this is indeed the case.
The fixed-order and resummed timelike splitting functions are illustrated and compared in Figs. 1 -4 Figs. 1 and 2 that the available fixed-order approximations to the splitting functions are not reliable at x < ∼ 10 −3 for the gluon-parton cases -recall Eq. (1.3) and the form (2.4) of the timelike splitting function matrix, which is transposed relative to the spacelike case of the initial-state parton distributions -and x < ∼ 10 −2 for the quark-parton cases. Obviously it is also insufficient to only add the previously known leading-logarithmic resummation [30] from order α 4 s to the NNLO gluon-quark and gluon-gluon splitting functions in Fig. 1 . On the other hand, a near-perfect cancellation of the strong x-dependences is exhibited by the NNLO + NNLL results for xP T ji especially in these cases. The situation is somewhat less clear-cut for the quark-parton splitting functions in Fig. 2 where, as already at order α 3 s but unlike the gluon-parton cases, the effects of the second and third logarithms have the same sign. Within the present uncertainties all results appear to be consistent with xP T ji ≈ 0 at x < 10 −2 . In Figs. 3 and 4 the known three fixed-order approximations are compared by their resummed counterparts obtained by adding the 'appropriate' higher-order resummations to the respective fixed-order results, i.e., forming the LO + LL (for the gluon-parton cases), NLO + NLL and NNLO + NNLL combinations. The differences between the two expansions at x < 10 −2 are striking. Some questions remain due to the relatively large NNLO + NNLL corrections in Fig. 3 and the corresponding behaviour at x < 10 −3 in Fig. 4 . Their answer will require the calculation of the fourth-order (N 3 LO) splitting functions (from which the N 3 LL resummations for P T gq and P T gg can be inferred analogously to the present calculations) which, unfortunately, is not expected in the near future. In the meantime the NNLO + NNLL results, and their comparison with the previous NLO + NLL resummed order, should be sufficient for practical data analysis including estimates of the effect of the presently unknown higher orders. Table 3 : The numerical coefficients of the NNLL small-x approximations (3.21) in N-space for the timelike gluon-gluon and gluon-quark splitting functions in QCD to the sixteenth order in α s . Table 4 : The corresponding N 3 LL coefficients in (3.22) for the timelike quark-gluon and quarkquark splitting functions in QCD to the sixteenth order in the strong coupling constant. 
It is clear from
n C (n) gg,0 C (n) gg,1 C (n) gg,2 C (n) gq,0 C (n) gq,1 C (n) gqn C (n) qg,1 C (n) qg,2 C (n) qg,3 C (n) qq,1 C (n) qq,2 C (n) qq
Resummed coefficient functions for F T
We now turn to the coefficient functions. For brevity, we will not discuss the φ-exchange case here (beyond the respective highest logarithms which are directly related to those for F T ), as it will be of only theoretical interest in the near future. The corresponding results are included, however, in the FORM file of results distributed with the arXiv version of this article.
The moments of the small-x resummed terms of the transverse coefficient functions are
The leading and next-to-leading logarithmic contributions for c T, g can be written as
The coefficients in Eqs. (3.2) and (3.4) are given in Table 5 analytically to the twelfth order in α s (see the FORM file for the remaining four orders) and numerically for n = 13, . . . 16. In this case the general form and the generating function is obvious only for the leading-logarithmic coefficients in Eq. (4.2) with [50] A (n)
Eq. (4.5) agrees with the corresponding result of Ref. [32] for c T, g up to a factor of two arising from the different normalization of this coefficient function already mentioned below Eq. (2.11).
The relations for the quark coefficient functions corresponding to Eqs. (4.2) and (4.3) can be cast in the form
with n ≥ 2. The first sixteen coefficients in Eqs. (4.6) and (4.7) can be found in Table 6 . Note the the faster growth of these coefficients with n, as compared to the corresponding splitting function results in Tables 1 and 2 , is largely (but only only) due to the different normalization in Eqs. (4.2) and Eqs. (4.6), which was employed to have mainly integer coefficient in Table 1 . As for the splitting functions, the next contributions to both transverse coefficient functions are considerably more complex. Since the third-order SIA coefficients functions have not been published so far, we give the third-and fourth-order quantities analytically. The higher orders are presented numerically for C A = 3 and C F = 4/3 below. The third-order results are given by Table 6 : As Table 5 , but for the NLL and NNLL quark coefficient function in Eqs. (4.6) -(4.7).
The expansions of the fourth-order transverse coefficient functions about N = 1 read For the coefficients of the third logarithms in Table 7 we use the notation
These results are illustrated in Fig. 5 for the same reference point and x-range as in the previous section. The situation for xc T, g and xc T, q is largely analogous to that for the corresponding splitting functions xP T gq and xP Tin Figs. 3 and 4 . The NLO and NNLO fixed-order approximations (the LO coefficient function c T,q = δ(1 − x) is obviously not visible in this figure) are unreliable here from even larger x-values than above. The small-x rise of the NNLO coefficient functions is removed by adding the NLL and NNLL resummations from order α 3 s , leaving us with functions oscillating about xc T,k ≈ 0. The same behaviour, if with a considerably smaller amplitude, can be established down to extremely small values of x for the exactly known LL gluon coefficient function (4.5) already determined in Ref. [32] . Also here it would be very interesting to known one more order in α s and the N 3 LL resummation of xc T, g . The latter, however, again requires (at least in the present framework) the calculation of the fourth-order contribution to the splitting function P T gq . It is instructive to briefly address the impact of the (scheme-independent) LL splitting functions (1.6) and (scheme-dependent) LL coefficient functions, given in MS by Eq. (4.5), on the scale dependence of the fragmentation function F T and its 'gluonic' counterpart F φ . This is best done by considering the 'timelike' physical evolution kernels K ab in Mellin space, 14) which are given by the matrix elements of 15) and the splitting function matrix (2.4). In terms of powers of (N − 1) −1 , the first term could be different from P T already at leading logarithmic ( α n s (N − 1) −2n+2 ) accuracy. However, the relations (1.6) and Eq. 16) all such contributions to the matrix K cancel, and the factorization-scheme independent physical kernels are correctly given by
A study of the physical kernels (4.14) beyond the leading logarithmic accuracy could be interesting, but is beyond the scope of the present article. Table 7 : The numerical coefficients of the third small-x contributions (4.12) and (4.13) to the N-space gluon and quark coefficient functions for the fragmentation function F T to order α 16 s . 
Resummed coefficient functions for F L
Finally we briefly present the resummed results for the longitudinal fragmentation function F L . Since the NNLO (third-order) coefficient functions for this observable are not yet known, only the respective two highest logarithms can be resummed for both the gluon and quark coefficient functions. The corresponding N-space expressions can be written as
with the gluon case given by
As in the transverse case, the quark coefficient functions for F L are suppressed by one power of ln x or (N − 1) −1 , but for n > 1 take the otherwise analogous forms
The coefficients in Eqs. (5.2) -(5.5) are given in Tables 8 and 9 , as before giving the thirteenth to sixteenth order in a numerical form for brevity (the exact expressions can be found in the FORM file distributed with this article). In this case the general formula is not even known for the LL coefficients which, like all other 'unsolved' series above, involve unpleasantly large prime numbers early in the expansion. For instance, the prime-factor decomposition of A
L, g reads 4 ·10691. These results are illustrated in Fig. 6 in the same manner as those for F T in Fig. 5 above. While neither of the first-order (LO) coefficient functions includes any x −1 ln x terms in the present case, also here the (now negative) small-x spike of both second-order (NLO) coefficient functions is completely removed by adding the corresponding all-order resummations of the small-x logarithms, leaving small oscillating functions with xc L,p ≈ 0 at x < ∼ 10 −2 . One may expect that the small-x resummation of the longitudinal fragmentation function will be the first to be extended to a higher accuracy as, in contrast to the timelike splitting functions and the transverse fragmentation function in the previous sections, 'only' a third-order calculation is required for deriving the NNLO + NNLL resummation. Note, however, that already the present results are sufficient for the corresponding resummation of the total fragmentation function, obtained by integrating Eq. (1.1) over θ, as the coefficient functions c Table 9 : Continuation of the part Table 8 for the quark coefficient function for F L to order α 16 s . 
Summary and Outlook
We have derived the all-order resummation of the highest three small-x double logarithms,
for all four flavour-singlet timelike splitting functions -with ℓ 0 = 2 for P T gq and P T gg and ℓ 0 = 3 for P Tand P T qg -and for both singlet coefficient functions for the transverse fragmentation function F T in semi-inclusive electron-positron annihilation (SIA) -with ℓ 0 = 2 for c T, q and ℓ 0 = 1 for c T, gtogether with the corresponding results for SIA via an intermediate scalar φ like the Higgs boson in the heavy top-quark limit. For the longitudinal fragmentation function F L present fixed-order results, which serve as input quantities for the resummation, allow only the determination of the highest two logarithms, i.e., ℓ = 0, 1 in Eq. (6.1) with ℓ 0 = 3 for c L, q and ℓ 0 = 2 for c L, g .
The coefficients of the above logarithms have been calculated explicitly to order α 16 s which is not the highest computationally feasible order, but sufficient for numerically accurate results down to x = 10 −4 , a range in x that should be more than sufficient for all foreseeable analyses of data. These calculations have been performed in Mellin-N space, using the latest versions of FORM and TFORM [34, 35] at all stages. The results agree with the leading logarithmic (LL) result of Refs. [30] for the splitting functions P T gq and P T gg , and with the only additional result so far derived in the MS scheme, the recent LL contributions to the coefficient function c T, g [32] .
The resummation has been derived by decomposing the unfactorized partonic fragmentation functions F a,p (x, α s , ε) in dimensional regularization at any order α n s into n (or n − 1 in the quark cases) contributions of the form
and n 0 = 1 for a = T, φ and p = g , n 0 = 2 for a = T, φ and p = q and for a, p = L, g , and n 0 = 3 for a, p = L, q , with the k = 1 contributions missing in the quark cases. The KLN-related cancellations between the contributions in Eq. (6.2), together with the powers of ε fixed by fixed-order calculations [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] 24] , lead to overconstrained systems of equations for the leading logarithmic, next-to-leading logarithmic (NLL) [and next-to-next-to-leading logarithmic (NNLL)] expansion parameters A, B [and C] in the decomposition (6.2) which can be solved to (in principle) any order n. Given the large number of extra constraints and checks -including the correct predictions of the respective highest two small-x logarithms in the third-order timelike splitting functions [17, 24] and the non-trivial all-order agreement with the known LL results [30, 32] -there is no need for an additional derivation of the decomposition (6.2) from the structure of higher-order Feynman diagrams and phase-space integrations.
Whilst the setup of the resummation is elegant and simple, most of the new results are not, as we have not succeeded to find the general expressions and generating functions for the resulting series of coefficients, with the exception of the NLL corrections to the splitting functions C −1 F P T gq and P T gg in the limit C F = 0 . The results have therefore been presented via detailed N-space tables which, hopefully, will be used for finding some of the now unknown general expressions. The most interesting target in this respect are the non-integer coefficients in Table 1 , as the solution of any one of these three series would be sufficient to clarify the analytic structure of all NLL (α n s x −1 ln 2n−3 x ) contribution to the matrix of the timelike splitting functions.
The small-x resummation has a striking effect on the numerical behaviour of the splitting functions and coefficient functions in the region x < ∼ 10 −2 . All fixed-order spikes for x → 0, which dwarf their single-logarithmic counterparts in the spacelike splitting functions and deep-inelastic scattering (DIS) [25] [26] [27] [28] [29] , are removed by forming the N n LO + N n LL combinations of fixed-order and higher-order resummed results, mostly leaving small and apparently oscillating functions. This behaviour is qualitatively similar to the LL results of Ref. [30, 32] which are known in a closed form and thus can be evaluated down to extremely small values of x. While some theoretical questions remain that can only be clarified by future third-and fourth-order calculations, the present resummation should prove sufficient for analyses of SIA data in the foreseeable future.
We have verified that the present approach can be extended to the non-x −1 double logarithms in the (even-N based) DIS structure functions F 2 and F L (recall that there are no 'genuine' x −1 double logarithms in DIS; those encountered in the φ-exchange coefficient functions in Refs. [51, 52] are artifacts of using the heavy-top approximation outside its domain of validity). These doublelogarithmic terms form the leading small-x contributions in the non-singlet cases, see Refs. [53] for the LL resummation of the spacelike non-singlet splitting functions; they can be relevant at intermediate values of x also in flavour-singlet quantities, see Ref. [54] . The corresponding NNLL resummations will be presented in a subsequent publication.
One may expect that, analogous to the large-x cases in Refs. [51, 55] , the resummation of the small-x double logarithms can be extended to (all) higher powers of the prefactor x in Eq. (6.1) for the quantities considered here (and their even-N spacelike counterparts) -but not for the asymmetric fragmentation function F A which is related to the odd-N structure function F 3 known to receive additional contributions with 1/n c and higher group factors [53, 56] . We have explicitly checked the direct generalization of our approach to the LL and NLL x a contributions in singlet SIA for a = 0, . . . , 6. It works, but only for a = 0 and even values, and with the form (6.2) replaced by ε −2 n+1 x a−k ε (A + B ε + C ε 2 + . . . ) with k = 2, . . . , n + 1 (6.3) which, in fact, is what one may have 'naively' expected from Refs. [9] also for the x −1 terms. The predictions resulting from Eq. (6.3) should be useful in the context of future third-and fourthorder calculations. Conceivably also all small-x double logarithms in the timelike and spacelike higher-order singlet splitting functions (and the corresponding SIA and DIS coefficient functions) could turn out to be 'inherited' from lower-order quantities. This issue deserves further studies including the case of N = 4 Super Yang-Mills theory addressed, for example, in Ref. [23, 57] .
A FORM file of our results presented in Sections 3 -5 can be obtained by downloading the source of this article from the arXiv servers or from the author upon request.
